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a b s t r a c t
Let S be a numerical semigroup and let p be a positive integer. Then the quotient Sp =
{x ∈ N | px ∈ S} is also a numerical semigroup. When p = 2 we say that S2 is half of the
numerical semigroup S. Dually, we say that S is a double of the numerical semigroup S2 . We
characterize the set of all doubles of a numerical semigroup. We also give some alternative
proofs and improvements for some results that we find in previous papers.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A numerical semigroup is a subset of N (here N denotes the set of nonnegative integers) that is closed under addition,
contains the zero element, and has finite complement in N. Let S be a numerical semigroup and let p be a positive integer.
Then in [13] it is proved that Sp = {x ∈ N | px ∈ S} is also a numerical semigroup, called the quotient of S by p. When p = 2
we say that S2 is half of the numerical semigroup S (when p = 4 we say that S4 is a quarter of the numerical semigroup S).
Dually, we say that S is a double of the numerical semigroup S2 .
Given a numerical semigroup S we denote by D(S) the set
{
S¯ | S¯2 = S
}
, that is, D(S) is the set of all doubles of the
numerical semigroup S. The principal result of Section 2 is Theorem 7, which ensures that an element of D(S) is determined
in a unique way by a pair (m,H), wherem is an odd integer of S and H is a subset of N \ S verifying certain conditions.
The elements of N \ S are the so called gaps of S and the cardinality of N \ S, denoted by g(S), is an important invariant
of S known either as the singularity degree of S (see [2]) or the genus of S (see [4]). Another important invariant of S is the
greatest integer that does not belong to S, called the Frobenius number of S (see [6]) and denoted here by F(S). In Section 2
we also give formulas for the singularity degree and the Frobenius number of a double of a numerical semigroup.
In [11] it is proved that every numerical semigroup is one half of infinitely many symmetric numerical semigroups. In
Section 3, as a consequence of the study carried out in the previous section, we obtain another proof of the abovementioned
result.
Given a numerical semigroup S we represent by g0(S) (respectively, g1(S)) the number of even (respectively, odd) gaps of
S. We say that a numerical semigroup S is equilibrated if g0(S) = g1(S). In a recent work [7] it is proved that every numerical
semigroup is one quarter of infinitely many pseudo-symmetric numerical semigroups. In Section 4 we improve this result.
In fact, we see that every numerical semigroup is one quarter of infinitely many equilibrated pseudo-symmetric numerical
semigroups.
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We say that a numerical semigroup S is totally equilibrated if it is equilibrated and, besides, the smallest odd integer of
S coincides with the smallest odd integer of S2 . In Section 5, we see that every numerical semigroup is one half of a totally
equilibrated numerical semigroup.
Finally, Section 6 is devoted to the study of the doubles of the numerical semigroupswithmaximal embedding dimension
and the doubles of a subclass of these, which are the Arf numerical semigroups.
2. A representation for the elements of D(S)
Let S be a numerical semigroup. Our principal aim in this section is to prove Theorem 7, which allows us to represent in
a unique way every element of D(S).
Before continuingwe recall somenotation. Given A and B subsets ofZwedenote by A+B the set {a+ b | a ∈ A and b ∈ B}
and we consider by 2A the set {2a | a ∈ A} (not to be confused with A+ A). If x1 < x2 < · · · < xk are integers, then we use
{x1, x2, . . . , xk,→} to denote the set {x1, x2, . . . , xk} ∪ {z ∈ Z | z > xk}.
On the other hand, given S a numerical semigroup, we denote by G(S) = {x ∈ N | x 6∈ S} the set of all gaps of S. Moreover,
we define in G(S) the following order relation:
g1≤S g2 if and only if g2 − g1 ∈ S.
In order to get the elements of D(S), firstlywe are going to give the set Dm(S) =
{
S¯ ∈ D(S) | m is the smallest odd integer
of S¯
}
. The next lemma is easy to prove.
Lemma 1. Let S be a numerical semigroup and let m be an odd integer of S. Then 2S ∪ (2S + {m}) ∈ Dm(S). Moreover,
2S ∪ (2S + {m}) ⊆ S¯ if S¯ ∈ Dm(S).
Let S be a numerical semigroup such that G(S) = {h1 < h2 < · · · < hg(S)}. Then G(2S ∪ (2S + {m})) ={
2h1 < 2h2 < · · · < 2hg(S)
} ∪ {1, 3, . . . ,m− 2} ∪ {2h1 +m < · · · < 2hg(S) +m}. Since we want a element of Dm(S), the
unique possibility is to make the set
{
2h1 +m, . . . , 2hg(S) +m
}
smaller. This is, we need to find subsets H ⊆ G(S) such that
2S ∪ (2S + {m}) ∪ (2H+ {m}) ∈ Dm(S). In the next lemma we give necessary conditions for such sets H.
Lemma 2. Let S be a numerical semigroup. Let H be a subset of G(S) such that S¯ = 2S ∪ (2S + {m}) ∪ (2H + {m}) ∈ Dm(S).
Then H satisfies the following conditions:
(C1) (H+ {m}) ∩ G(S) = ∅;
(C2) (H+ H+ {m}) ∩ G(S) = ∅;
(C3) if h ∈ H, then {g ∈ G(S) | h≤S g} ⊆ H.
Proof. (C1) m+ (2k+m) = 2(k+m) ∈ 2S for all k ∈ H.
(C2) (2k1 +m)+ (2k2 +m) = 2(k1 + k2 +m) ∈ 2S for all k1, k2 ∈ H.
(C3) Let k ∈ H and g ∈ G(S) be such that g = k+ s for some s ∈ S. Since 2k+m ∈ 2H+{m} and 2s ∈ 2S, we conclude that
2g +m = (2k+m)+ 2s ∈ S¯. By the definition of S¯, it is clear that g ∈ H. 
From (C3), we have that H is an upper subset of G(S) with respect to the order ≤S . For this reason, we say that a subset
H of G(S) is anm-upper subset of G(S) if it verifies (C1), (C2), and (C3).
The next lemma gives us a way to obtain an element of Dm(S) from anm-upper subset of G(S).
Lemma 3. Let S be a numerical semigroup, let m be an odd integer of S, and let H be an m-upper subset of G(S). Then
(1) S¯ = (2S) ∪ (2S + {m}) ∪ (2H+ {m}) is a numerical semigroup;
(2) S = S¯2 ;
(3) m is the smallest odd integer that belongs to S¯.
Proof. (1) It is clear that 0 ∈ S¯ and that {m+ 2F(S)+ 1,→} ⊆ S¯. Hence, to prove that S¯ is a numerical semigroup it suffices
to see that it is closed under addition. Let us have x, y ∈ S¯. To see that x+ y ∈ S¯ we consider the following cases:
(a) If x, y ∈ 2S ∪ (2S + {m}), x+ y ∈ S¯ by Lemma 1.
(b) If x ∈ 2S + {m} and y ∈ 2H + {m}, then x = m + 2s and y = 2h + m for some s ∈ S and some h ∈ H. Hence
x+ y = 2(h+m)+ 2s. Since H is anm-upper subset of G(S), we have that h+m ∈ S, and consequently x+ y ∈ 2S.
(c) If x, y ∈ 2H+{m}, then there exist h1, h2 ∈ H such that x = 2h1+m and y = 2h2+m. Thus x+ y = 2(h1+h2+m).
By applying that H is anm-upper subset of G(S)we obtain h1 + h2 +m ∈ S, and so x+ y ∈ 2S.
(d) If x ∈ 2H + {m} and y ∈ 2S, then x = 2h + m and y = 2s for some h ∈ H and some s ∈ S. We distinguish
two cases. If h + s ∈ G(S), then by using that H is an m-upper subset of G(S) we obtain that h + s ∈ H. Thus
x+ y = 2(h+ s)+m ∈ 2H+ {m}. If h+ s 6∈ G(S), then h+ s ∈ S. Therefore x+ y = 2(h+ s)+m ∈ 2S + {m}.
(2) Observe that 2S = {x ∈ S¯ | x is even}. We easily deduce that S = S¯2 .
(3) It is immediately deduced from the definition of S¯. 
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If S is a numerical semigroup, m is an odd integer of S, and H is an m-upper subset of G(S), then we denote by S(m,H)
the numerical semigroup (2S) ∪ (2S + {m}) ∪ (2H+ {m}). Now we propose to prove that every element of D(S) is of this
form. In order to do that, first we need to introduce some concepts and results.
Let S be a numerical semigroup and let n ∈ S \ {0}. We define the Apéry set (see [1]) of n in S as
Ap(S, n) = {s ∈ S | s− n 6∈ S} .
For a set A, we denote by #A its cardinality. It is well known (see for instance [9]) that #Ap(S, n) = n. Moreover,
Ap(S, n) = {w(0)=0, w(1), . . . , w(n− 1)}, where w(i) is the smallest element of S that is congruent with i modulo n.
We denote by Ap0(S, n) the set {w ∈ Ap(S, n) | w is even} and by Ap1(S, n) the set {w ∈ Ap(S, n) | w is odd}.
It is interesting to note that condition (C1) is equivalent to the condition H + {m} ⊆ Ap(S,m). In fact, we have the
following result.
Lemma 4. Let S be a numerical semigroup, let m ∈ S \ {0}, and let H be an m-upper subset of G(S). Then H ⊆
{w −m | w ∈ Ap(S,m) andw > m}.
As an immediate consequence of the previous lemma, we have that #H ≤ m− 1 if H is anm-upper subset of G(S).
Lemma 5. Let S be a numerical semigroup and let m be an odd integer of S. Then S = 2 ( S2 ) ∪ (2 ( S2 )+ {m}) ∪ Ap1(S,m).
Proof. It is clear that 2
( S
2
) ⊆ S, 2 ( S2 )+ {m} ⊆ S, and Ap1(S,m) ⊆ S. Hence 2 ( S2 )∪ (2 ( S2 )+ {m})∪ Ap1(S,m) ⊆ S. Let us
see now the other inclusion. Let us have x ∈ S. If x is an even integer, then x ∈ 2 ( S2 ). For the case where x is an odd integer
we distinguish two subcases. If x ∈ Ap(S,m), then x ∈ Ap1(S,m). If x 6∈ Ap(S,m), then x−m ∈ S. Besides, x−m is an even
integer. Hence x−m ∈ 2 ( S2 ), and therefore x ∈ 2 ( S2 )+ {m}. 
Lemma 6. Let S be a numerical semigroup and let m be the smallest odd integer of S. Then H = {w−m2 | w ∈ Ap1(S,m)} is an
m-upper subset of G
( S
2
)
.
Proof. Observe that w is an odd integer if w ∈ Ap1(S,m). Thus we deduce that w > m. Moreover, w − m 6∈ S and w − m
is an even integer. Consequently w−m2 ∈ G
( S
2
)
. Therefore H ⊆ G ( S2 ). Now, let us see that H verifies the conditions for being
anm-upper subset of G
( S
2
)
.
(C1) We have that (H+ {m}) ∩ G ( S2 ) = ∅. In fact, if h ∈ H, then h = w−m2 for some w ∈ Ap1(S,m). Hence h + m =
w−m
2 + m = w+m2 . Since w + m is an even integer and w + m ∈ S, we have that h + m = w+m2 ∈ S2 , and therefore
h+m 6∈ G ( S2 ).
(C2) Let us prove that (H+ H+ {m}) ∩ G ( S2 ) = ∅. If h1, h2 ∈ H, then h1 = w1−m2 and h2 = w2−m2 for some w1, w2 ∈
Ap1(S,m). Thus, h1 + h2 + m = w1−m2 + w2−m2 + m = w1+w22 . Besides, w1 + w2 is an even integer and w1 + w2 ∈ S.
Therefore h1 + h2 +m = w1+w22 6∈ G
( S
2
)
.
(C3) Let us prove that
{
g ∈ G ( S2 ) | h≤ S2 g} ⊆ H if h ∈ H. Let h ∈ H and g ∈ G ( S2 ) be such that h≤ S2 g . If h ∈ H, then
h = w−m2 for some w ∈ Ap1(S,m). Besides, g − h ∈ S2 if h≤ S2 g . Thus 2g + m − w = 2(g − h) ∈ S. Consequently
2g + m = (2g + m − w) + w ∈ S. Moreover, since g ∈ G ( S2 ), we have that 2g 6∈ S. Hence 2g + m ∈ Ap(S,m). As
2g +m is an odd integer, we get 2g +m ∈ Ap1(S,m), and so g = w−m2 for somew ∈ Ap1(S,m). As a consequence we
obtain g ∈ H. 
We are now ready to enunciate and prove the principal result of this section.
Theorem 7. Let S be a numerical semigroup. Then
D(S) = {S(m,H) | m ∈ S is odd and H is an m-upper subset of G(S)} .
Proof. If S¯ ∈ D(S), then S = S¯2 . From Lemma 5 we obtain that, if m is the smallest odd integer of S¯, then S¯ =
(2S) ∪ (2S + {m}) ∪ Ap1(S¯,m). By Lemma 6 we know that H =
{
w−m
2 | w ∈ Ap1(S¯,m)
}
is an m-upper subset of G (S).
As Ap1(S¯,m) = 2H+ {m}, we have that S¯ = S(m,H). By Lemma 3 we obtain the other inclusion. 
Theprevious theoremgives us away to represent the elements ofD(S). The following result states that this representation
is unique.
Corollary 8. Let S be a numerical semigroup. For each i ∈ {1, 2}, let mi be an odd integer of S and let Hi be an mi-upper subset
of G (S). Then S(m1,H1) = S(m2,H2) if and only if (m1,H1) = (m2,H2).
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Proof. The sufficient condition is trivial. Let us see the necessary condition. If S(m1,H1) = S(m2,H2), then the smallest odd
integer that belongs to S(m1,H1) coincides with the smallest odd integer that belongs to S(m2,H2). By applying Lemma 3
we have that m1 = m2. Finally, it is clear that if S(m1,H1) = S(m1,H2), then 2H1 + {m1} = 2H2 + {m1}, and therefore
H1 = H2. 
From Theorem 7 and Corollary 8, {Dm(S) | m is an odd integer of S} is a partition of D(S). Note also that
# {H | H is anm-upper subset of G(S)} = #Dm(S). Then #Dm(S) ≤ 2g(S) for every odd integer m ∈ S, because G(S) has
2g(S) subsets.
We end this section by studying the singularity degree and the Frobenius number of S(m,H).
Proposition 9. Let S be a numerical semigroup, let m be an odd integer of S, and let H be an m-upper subset of G(S). Then
(1) g(S(m,H)) = 2g(S)+ m−12 − #H;
(2) F(S(m,H)) = max {2F(S),m− 2} if H = G(S);
(3) F(S(m,H)) = max {2F(S), 2(max(G(S) \ H))+m} if H 6= G(S).
Proof. It suffices to observe that
G(S(m,H)) = 2G(S) ∪ {1, 3, . . . ,m− 2} ∪ (2(G(S) \ H)+ {m}). 
Notice that if S(m,H) has even Frobenius number, then F(S(m,H)) is the greatest even integer that does not belong to 2S.
Thus F(S(m,H)) = 2F(S). It is clear that there exist a finite number of numerical semigroups with Frobenius number 2F(S),
and therefore
{
S¯ ∈ D(S) | F(S¯) is even} is a finite set. On the other hand, we know that D(S) is infinite, and consequently{
S¯ ∈ D(S) | F(S¯) is odd} is not a finite set.
3. Every numerical semigroup is one half of infinitely many symmetric numerical semigroups
A numerical semigroup S is symmetric if x ∈ Z \ S implies F(S)− x ∈ S. As an immediate consequence of the definition
we have that the symmetric numerical semigroups always have odd Frobenius number. Those semigroups have beenwidely
studied in the literature, not only from the semigroup point of view but also because they are those numerical semigroups
whose semigroup ring is Gorenstein (see [2,5]).
In [11] it is proved that every numerical semigroup is one half of infinitely many symmetric numerical semigroups. In
this section we obtain another proof for this result. For that we need some previous lemmas. For them we consider the set
H2(S) = {x ∈ G(S) | F(S)− x ∈ G(S)}, that is, the set which contains the gaps sometimes called of second type.
Lemma 10. Let S be a numerical semigroup. If m is an odd integer of S greater than F(S), then H2(S) is an m-upper subset of
G(S).
Proof. It is clear that H2(S) ⊆ G(S). Sincem > F(S), the conditions (C1) and (C2) for that H2(S) to be anm-upper subset of
G(S) follow. Let us see that the condition (C3) holds. Let h ∈ H2(S) and g ∈ G(S) be such that h≤S g . We have to prove that
g ∈ H2(S). With this purpose wemust see that F(S)− g ∈ G(S). As h≤S g , we have that g = h+ s for some s ∈ S. Therefore
F(S)− g = F(S)− h− s ∈ G(S), because F(S)− h 6∈ S and s ∈ S. 
Given a numerical semigroup S we denote byN(S) the set {s ∈ S | s < F(S)}. It is clear that {0, 1, . . . , F(S)} is the disjoint
union of G(S) and N(S). Therefore F(S)+ 1 = g(S)+ #N(S).
Lemma 11. Let S be a numerical semigroup. Then #H2(S) = 2g(S)− F(S)− 1.
Proof. It is clear that H2(S) = G(S)\ {F(S)− s | s ∈ N(S)}. Therefore, #H2(S) = g(S)−#N(S) = g(S)− (F(S)+1−g(S)) =
2g(S)− F(S)− 1. 
The following result is well known (see for instance [3]).
Lemma 12. Let S be a numerical semigroup. Then S is symmetric if and only if g(S) = F(S)+12 .
In [10] it is proved that every numerical semigroup is one half of a symmetric numerical semigroup. As a consequence
of the following proposition we have also the above mentioned result.
Proposition 13. Let S be a numerical semigroup. If m is an odd integer of S greater than F(S), then S(m,H2(S)) is a symmetric
numerical semigroup.
Proof. From Lemma 10 we have that H2(S) is an m-upper subset of G(S). Hence S(m,H2(S)) is a numerical semigroup.
It is clear that F(S) 6∈ H2(S). Consequently, Proposition 9 tells us that F(S(m,H2(S))) = 2F(S) + m. By applying again
Proposition 9 and Lemma 11, we obtain that g(S(m,H2(S))) = 2g(S) + m−12 − (2g(S) − F(S) − 1) = F(S) + 1 + m−12 .
Therefore 2g(S(m,H2(S))) = F(S(m,H2(S)))+ 1 and, in view of Lemma 12, we get that S(m,H2(S)) is symmetric. 
As a consequence of Proposition 13, Corollary 8, and the fact that S has infinitely many odd integers greater than F(S),
we have the following result that already was proved in [11].
Corollary 14. Every numerical semigroup is one half of infinitely many symmetric numerical semigroups.
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4. Everynumerical semigroup is onequarter of infinitelymanyequilibratedpseudo-symmetric numerical semigroups
A numerical semigroup S is pseudo-symmetric if F(S) is even and x ∈ Z \ S implies either F(S) − x ∈ S or x = F(S)2 .
Such numerical semigroups have been widely studied in the literature, not only from the semigroup point of view but also
because they are those numerical semigroups whose semigroup ring is Kunz (see [2,8]).
Let S be a numerical semigroup. Then we use the following notation:
G0(S) = {x ∈ G(S) | x is even}
and
G1(S) = {x ∈ G(S) | x is odd} .
Consider g0(S) = #G0(S) and g1(S) = #G1(S).
In a recent work [7] it is proved that every numerical semigroup is one quarter of infinitely many pseudo-symmetric
numerical semigroups. The goal of this section is to improve this result. In fact, we will see that every numerical semigroup
is one quarter of infinitely many equilibrated pseudo-symmetric numerical semigroups.
The following result is easy to prove.
Lemma 15. Let S be a numerical semigroup. Then
(1) g(S) = g0(S)+ g1(S);
(2) g0(S) = g
( S
2
)
.
Next we give a characterization for the equilibrated numerical semigroups.
Lemma 16. Let S be a numerical semigroup. Then S is equilibrated if and only if g
( S
2
) = g(S)2 .
Proof. If S is equilibrated, then g0(S) = g1(S). By Lemma15,wehave that have that g(S) = g0(S)+g1(S) = 2g0(S) = 2g
( S
2
)
.
Conversely, if g(S) = 2g ( S2 ), then we have that g0(S) + g1(S) = g(S) = 2g0(S), by using again Lemma 15. Therefore
g0(S) = g1(S). 
The following inequality is well known (see for example [3]).
Lemma 17. Let S be a numerical semigroup. Then 2g(S) ≥ F(S)+ 1.
The next result is fundamental to the development of this section. Ifm is an odd integer of S greater than F(S), it is clear
that G(S) is an m-upper subset of G (S), and, in view of Lemma 3, S¯ = S(m,G(S)) = (2S) ∪ (2S + {m}) ∪ (2G(S)+ {m}) is
a numerical semigroup such that S¯2 = S. Notice that S(m,G(S)) = (2S) ∪ (2N+ {m}).
Proposition 18. Let S be a numerical semigroup and S¯ = S(2g(S)+ 1,G(S)). Then
(1) S¯ is an equilibrated numerical semigroup and S = S¯2 ;
(2) F(S¯) = 2F(S);
(3) g(S¯) = 2g(S).
Proof. (1) From Lemma 17 we know that 2g(S) + 1 > F(S). By applying the comment preceding Proposition 18, we get
that S¯ is a numerical semigroup and S = S¯2 . Let us see that S¯ is equilibrated. It is clear that G0(S¯) = 2G(S), and so
g0(S¯) = g(S). On the other hand, it is also clear that G1(S¯) = {1, 3, . . . , 2g(S)− 1}. Consequently g1(S¯) = g(S).
Therefore S¯ is equilibrated.
(2) We easily see that 2F(S) is the greatest even integer that does not belong to S¯, and that 2g(S) − 1 is the greatest odd
integer that does not belong to S¯. So we deduce that F(S¯) = max {2F(S), 2g(S)− 1}. Since g(S) ≤ F(S), we obtain
F(S¯) = 2F(S).
(3) It is a consequence of Lemma 16 and item (1). 
As an immediate consequence of the previous proposition we obtain the following corollary.
Corollary 19. Every numerical semigroup is one half of an equilibrated numerical semigroup.
Observe that if S is a numerical semigroup and S¯ ∈ D(S) is equilibrated, then from Lemma 16 we obtain g(S¯) = 2g(S),
and by Lemma 17 we get F(S¯) ≤ 4g(S)− 1. Since the number of numerical semigroups with Frobenius number less than or
equal to 4g(S)− 1 is finite, the next result follows in view of Proposition 18.
Proposition 20. Let S be a numerical semigroup. Then the set{
S¯ ∈ D(S) | S¯ is equilibrated}
is not empty and finite.
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The next result is well known (see for example [2]).
Lemma 21. Let S be a numerical semigroup. Then S is a pseudo-symmetric numerical semigroup if and only if g(S) = F(S)+22 .
Now, given a numerical semigroup S, and S¯ defined as in Proposition 18, we prove that S is symmetric if and only if S¯ is
pseudo-symmetric.
Lemma 22. Let S be a numerical semigroup and S¯ = S(2g(S)+1,G(S)). Then S is symmetric if and only if S¯ is pseudo-symmetric.
Proof. By Proposition 18 we have that F(S¯) = 2F(S) and g(S¯) = 2g(S). From Lemma 21 we can state that S¯ is a pseudo-
symmetric numerical semigroup if and only if 2g(S) = 2F(S)+22 . Consequently S¯ is a pseudo-symmetric numerical semigroup
if and only if g(S) = F(S)+12 . By applying Lemma 12, this is equivalent to S to be symmetric. 
As a consequence of Proposition 18 and Lemma 22, we have the following result.
Proposition 23. Every symmetric numerical semigroup is one half of an equilibrated pseudo-symmetric numerical semigroup.
It is clear that if S is a numerical semigroup and a, b are positive integers, then S/ab = Sab . By applying this fact,
Proposition 23, and Corollary 14, we have the result announced at the beginning of this section.
Corollary 24. Every numerical semigroup is one quarter of infinitelymany equilibrated pseudo-symmetric numerical semigroups.
5. The equilibrated doubles with the smallest possible odd integer
If S is a numerical semigroup, then by Proposition 18 we know that S¯ = S(2g(S)+ 1,G(S)) is an equilibrated numerical
semigroup and that S¯ ∈ D(S). As a consequence of Theorem7 and the following lemma,we deduce that, from all equilibrated
elements of D(S), such an S¯ is the element whose smaller odd integer is the greatest possible one.
Lemma 25. Let S be a numerical semigroup, let m be an odd integer of S, and let H be an m-upper subset of G(S). If m is greater
than 2g(S)+ 1, then S(m,H) is not an equilibrated numerical semigroup.
Proof. Observe that G0(S(m,H)) = 2G(S). Thus, g0(S(m,H)) = g(S). By Lemma 3 we have that m is the smallest odd
integer of S(m,H). Hence {1, 3, . . . ,m− 2} ⊆ G1(S(m,H)), and consequently g1(S(m,H)) ≥ m−12 . Since m is greater than
2g(S)+ 1, we have that g1(S(m,H)) > g(S). Therefore S(m,H) is not equilibrated. 
Notice also that if S is a numerical semigroup andm is the smallest odd integer of S, then, as a consequence of Theorem 7
and Lemma 3, we have that the smallest odd integer of any element of D(S) is greater than or equal tom. Our principal aim
in this section will be to prove that if S is a numerical semigroup andm is the smallest odd integer of S, then there exists in
D(S) an equilibrated numerical semigroup whose smallest odd integer ism.
Recall that we denote by Ap0(S, n) the set {w ∈ Ap(S, n) | w is even} and by Ap1(S, n) the set {w ∈ Ap(S, n) | w is odd}.
The following result gives us another characterization for equilibrated numerical semigroups.
Proposition 26. Let S be a numerical semigroup and let m be the smallest odd integer of S. Then S is equilibrated if and only if
#Ap1(S,m) = m−12 .
Proof. Let A = {x ∈ G1(S) | x > m} and let f : A → G0(S) be the correspondence defined by f (x) = x − m. It is clear
that f is an injective map and Im(f ) = {x ∈ G0(S) | x+m 6∈ S}. Moreover, since Ap1(S,m) = {x+m ∈ S | x ∈ G0(S)},
we have g0(S) = #Im(f ) + #Ap1(S,m) = #A + #Ap1(S,m). On the other hand, since m is the smallest odd integer of S,
G1(S) = A ∪
{
2k+ 1 | k ∈ {0, . . . , m−32 }}, and then g1(S) = #A+ m−12 . Now the result is obvious. 
The following result describes the Apéry set ofm in S(m,H).
Lemma 27. Let S be a numerical semigroup, let m be an odd integer of S, and let H be an m-upper subset of G(S). Then
Ap(S(m,H),m) = (2H+ {m}) ∪ {2w | w ∈ Ap(S,m) \ (H+ {m})} .
Proof. From Lemma 4, H + {m} ⊆ Ap(S,m). Let us have h ∈ H. Then 2h + m ∈ S(m,H) and (2h + m) − m =
2h 6∈ S(m,H). Thus 2h + m ∈ Ap(S(m,H),m). Let us have w ∈ Ap(S,m) \ (H + {m}). Then 2w ∈ S(m,H). Since
2w − m is an odd integer, 2w − m 6∈ 2S + {m}, and 2w − m 6∈ 2H + {m}, we have that 2w − m 6∈ S(m,H). Hence
2w ∈ Ap(S(m,H),m). To conclude the proof it suffices to observe that Ap(S(m,H),m) has cardinality equal to m and that
(2H+ {m}) ∪ {2w | w ∈ Ap(S,m) \ (H+ {m})} has also cardinalitym. 
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As a consequence of the previous lemma and proposition, we obtain the following result.
Lemma 28. Let S be a numerical semigroup, let m be an odd integer of S, and let H be an m-upper subset of G(S). Then S(m,H)
is an equilibrated numerical semigroup if and only if #H = m−12 .
Proof. By Lemma 3 we know that m is the smallest odd integer of S(m,H). From Lemma 27 we obtain that
Ap1(S(m,H),m) = 2H+ {m}. Therefore, #Ap1(S(m,H),m) = #H. By applying Proposition 26, we finish the proof. 
Our next aim is to prove that if m is the smallest odd integer of S, then there exists an m-upper subset of G(S) with
cardinality m−12 .
Lemma 29. Let S be a numerical semigroup, let m be an element of S, and let H be an m-upper subset of G(S). Then for every
k ∈ {0, . . . ,#H} there exists an m-upper subset of G(S) with cardinality k.
Proof. It suffices to observe that H \ {minH} is also anm-upper subset of G(S). 
To achieve the aim proposed before Lemma 29, we divide the study into two cases, depending onm > F(S) orm < F(S).
Firstly, if S is a numerical semigroup,m ∈ S \ {0}, andm > F(S), we have that G(S) is anm-upper subset of G(S). Observe
also that ifm > F(S) andm is the smallest odd integer of S, then g(S) ≥ m−12 . In fact, we deduce thatm ≤ F(S)+ 2 because
{F(S)+ 1, F(S)+ 2} ⊆ S. Thus m − 1 ≤ F(S) + 1. By using Lemma 17 we have that m−12 ≤ g(S). Therefore, on applying
Lemma 29, we state that there exists anm-upper subset of G(S)with cardinality m−12 ifm > F(S).
Now we study the casem < F(S). The following result is easy to prove.
Lemma 30. Let S be a numerical semigroup and let m ∈ S \ {0}. Then
(1) if w ∈ Ap(S,m), s ∈ S, andw − s ∈ S, thenw − s ∈ Ap(S,m);
(2) if x ∈ Z \ S, then there exists a unique positive integer k such that x+ km ∈ Ap(S,m).
The next result is the key to achieving our goal.
Lemma 31. Let S be a numerical semigroup and let m be an odd integer of S. Then #
{
w ∈ Ap(S,m) | w > F(S)+m2
}
≥ m−12 .
Proof. Let us havew ∈ Ap(S,m). Observe that F(S)+m−w > F(S)+m2 ifw < F(S)+m2 . Observe also that F(S)+m ∈ Ap(S,m).
Now, let us prove that there exists a unique nonnegative integer kw such that F(S) + m − w + kwm ∈ Ap(S,m). With
this purpose we consider two cases. If F(S)+ m− w ∈ S, then by Lemma 30 we know that F(S)+ m− w ∈ Ap(S,m), and
therefore kw = 0. If F(S)+m−w 6∈ S, then by Lemma 30 we know that there exists a unique positive integer kw such that
F(S)+m− w + kwm ∈ Ap(S,m).
Let
A =
{
w ∈ Ap(S,m) | w < F(S)+m
2
}
and
B =
{
w ∈ Ap(S,m) | w > F(S)+m
2
}
.
Let f : A→ B be the correspondence defined by f (w) = F(S) + m − w + kwm. It is easy to see that it is an injective map,
and therefore #A ≤ #B.
Observe that #A+#B = m−1 if F(S)+m2 ∈ Ap(S,m), and #A+#B = m if F(S)+m2 6∈ Ap(S,m). Therefore, #A+#B ≥ m−1.
Consequently 2#B ≥ m− 1, and then #B ≥ m−12 . 
The following result gives us anm-upper subset of G(S)with cardinality greater than or equal to m−12 whenm < F(S).
Lemma 32. Let S be a numerical semigroup. Let m ∈ S \ {0} be such that m < F(S). Then
H =
{
w −m | w ∈ Ap(S,m) andw > F(S)+m
2
}
is an m-upper subset of G(S).
Proof. First, let us see that H ⊆ G(S). As w ∈ Ap(S,m), we have that w − m 6∈ S. To see that w − m ∈ G(S) it suffices to
prove thatw > m. But this holds, becausew > F(S)+m2 >
2m
2 = m.
It is clear that (H+ {m})∩G(S) = ∅. Let us see that (H+ H+ {m})∩G(S) = ∅. Let us have h1, h2 ∈ H. Then hi > F(S)−m2 ,
for i ∈ {1, 2}. Thus, h1+h2+m > 2
(
F(S)−m
2
)
+m = F(S). Consequently h1+h2+m ∈ S, and therefore h1+h2+m 6∈ G(S).
Finally, let h ∈ H and g ∈ G(S) be such that h≤S g . Let us prove that g ∈ H. If h≤S g , then g = h+ s for some s ∈ S. Thus
g +m = h+m+ s ∈ S, because H+ {m} ⊆ S. As g +m ∈ S and g 6∈ S, we have that g +m ∈ Ap(S,m), and consequently
g ∈ H. 
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We are now ready to prove the result announced at the beginning of this section.
Proposition 33. Let S be a numerical semigroup and let m be the smallest odd integer of S. Then there exists an equilibrated
numerical semigroup S¯ such that m is the smallest odd integer of S¯ and S¯2 = S.
Proof. We distinguish two cases:
(1) If m < F(S), then by applying Lemmas 29, 31 and 32, we deduce that there exists an m-upper subset H ⊆ G(S) such
that #H = m−12 . By Lemma 28 we know that S(m,H) is an equilibrated numerical semigroup, and from Lemma 3 thatm
is the smallest odd integer of S(m,H) and that S = S(m,H)2 .
(2) If m > F(S), then the comment preceding Lemma 30 ensures that there exists an m-upper subset H ⊆ G(S) such that
#H = m−12 . The proof concludes now as in the previous item. 
As we indicated in the introduction, a numerical semigroup is totally equilibrated if it is equilibrated and the smallest
odd integer of S coincides with the smallest odd integer of S2 . The following corollary is a reformulation of Proposition 33.
Corollary 34. Every numerical semigroup is one half of a totally equilibrated numerical semigroup.
We end this section by giving a characterization for the totally equilibrated numerical semigroups from the Apéry set of
its smallest odd integer.
Proposition 35. Let S be a numerical semigroup and let m be the smallest odd integer of S. Then S is totally equilibrated if and
only if the following conditions hold:
(1) #Ap1(S,m) = m−12 ;
(2) if w ∈ Ap0(S,m) andw < 2m thenw ≡ 0(mod 4).
Proof. (Necessity) If S is equilibrated, then from Proposition 26 we know that #Ap1(S,m) = m−12 . Let w ∈ Ap0(S,m) be
such thatw < 2m. Then w2 ∈ S2 and w2 < m. Sincem is the smallest odd integer of S2 , we have that w2 is even and consequently
w ≡ 0(mod 4).
(Sufficiency) If #Ap1(S,m) = m−12 , then by Proposition 26 we know that S is equilibrated. Let us prove that m is the
smallest odd integer of S2 . Let x ∈ S2 be an odd integer, such that x < m. Then 2x ∈ S, 2x < 2m and 2x 6≡ 0(mod 4). Moreover
2x − m is odd and 2x − m < m. Hence 2x − m 6∈ S. Therefore 2x ∈ Ap0(S,m), 2x < 2m and 2x 6≡ 0(mod 4), which is not
possible. 
6. Numerical semigroups with maximal embedding dimension
Given a nonempty subset A of N, we denote by 〈A〉 the submonoid of (N,+) generated by A, that is,
〈A〉 = {λ1a1 + · · · + λnan | n ∈ N \ {0} , λ1, . . . , λn ∈ N, a1, . . . , an ∈ A} .
If S is a numerical semigroup and S = 〈A〉, then we say that A is a system of generators of S. We say that A is a minimal
system of generators of S if no proper subset of A generates S. It is well known (see for instance [9]) that every numerical
semigroup admits a unique minimal system of generators, which has finitely many elements. If S is a numerical semigroup
and
{
n1 < n2 < · · · < np
}
is its minimal system of generators, then n1 is called the multiplicity of S (notice that n1 is the
smallest positive integer that belongs to S) and we denote it by µ(S). The positive integer p is the embedding dimension of
S and we denote it by e(S) (see [2]). It is well known (see for example [2]) that e(S) ≤ µ(S).
We say that a numerical semigroup S has maximal embedding dimension (see [2]) if e(S) = µ(S). In this section we
study the doubles of the numerical semigroups with maximal embedding dimension and the doubles of a subclass of these,
which are the Arf numerical semigroups.
By applying Proposition 9 and the consequence of Lemma 4 we obtain the following result.
Proposition 36. Let S be a numerical semigroup and let m be an odd integer of S. If S¯ ∈ Dm(S), then g(S¯) ≥ 2g(S)− m−12 .
In Proposition 40we characterize the numerical semigroups that reach the bound of the previous proposition. But before,
we need some previous lemmas.
Lemma 37. Let S be a numerical semigroup, let us have m ∈ S \ {0}, and let H = {w −m | w ∈ Ap(S,m) andw > m}. Then
(1) H is an m-upper subset of G(S) if and only if {x, y} ⊆ S andmin {x, y} ≥ m implies that x+ y−m ∈ S;
(2) #H = m− 1 if and only if m is the multiplicity of S.
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Proof. (1) Let x, y ∈ S be such that x ≥ y ≥ m. Let us prove that x+ y− m ∈ S. If we have either x− m ∈ S or y− m ∈ S,
then it is obvious that x+ y−m ∈ S. Now we suppose that x, y ∈ {w ∈ Ap(S,m) | w > m}. Thus {x−m, y−m} ⊆ H.
By applying that H is anm-upper subset of G(S)we have that (x−m)+(y−m)+m ∈ S, and consequently x+y−m ∈ S.
Reciprocally, it is clear that (H+ {m}) ∩ G(S) = ∅. Let us see that (H+ H+ {m}) ∩ G(S) = ∅. If h1, h2 ∈ H,
then for each i ∈ {1, 2} we have that hi = wi − m with wi ∈ Ap(S,m) and wi > m. Therefore, h1 + h2 + m =
(w1 − m)+ (w2 − m)+ m = w1 + w2 − m ∈ S, because min {w1, w2} ≥ m. Finally, we prove that if h ∈ H, g ∈ G(S)
and h≤S g , then g ∈ H. Since h≤S g , we have that g = h + s for some s ∈ S. Hence g + m = h + m + s ∈ S, because
H+ {m} ⊆ S. Consequently g +m ∈ {w ∈ Ap(S,m) | w > m}, and therefore g ∈ H.
(2) Trivial. 
The following result appears in [2] and characterizes the numerical semigroups with maximal embedding dimension.
Lemma 38. Let S be a numerical semigroup. Then S has maximal embedding dimension if and only if (S \ {0}) + {−µ(S)} is
also a numerical semigroup.
From the previous lemma we easily deduce the following one.
Lemma 39. Let S be a numerical semigroup. Then S has maximal embedding dimension if and only if x+y−µ(S) ∈ S, for every
x, y ∈ S \ {0}.
Weare now in a position to give the characterization for the numerical semigroups that reach the boundof Proposition 36.
Proposition 40. Let S be a numerical semigroup and let m be an odd integer of S. Then there exists S¯ ∈ Dm(S) such that
g(S¯) = 2g(S)− m−12 if and only if S is a numerical semigroup with maximal embedding dimension and m is the multiplicity of S.
Proof. If S¯ ∈ Dm(S), then by Lemma 7 we know that there exists anm-upper subset of G(S) such that S¯ = S(m,H).
If g(S¯) = 2g(S) − m−12 , then by applying Proposition 9 we have that #H = m − 1. By using Lemmas 4, 37 and 39, we
obtain thatm is the multiplicity of S and that S has maximal embedding dimension.
Reciprocally, if S is a numerical semigroup with maximal embedding dimension and m is the multiplicity of S, then
by applying Lemmas 37 and 39 we have that H = {w −m | w ∈ Ap(S,m) \ {0}} is an m-upper subset of G(S) and that
#H = m− 1. Since #H = m− 1, from Proposition 9 we get that g(S(m,H)) = 2g(S)− m−12 . 
A particularly interesting type of numerical semigroups with maximal embedding dimension are the so called Arf
numerical semigroups (see [2,12]). A numerical semigroup S is Arf if for every x, y, z ∈ S, such that x ≥ y ≥ z, the condition
x+ y− z ∈ S holds.
As an immediate consequence of Lemma 37, we have the following characterization for the Arf numerical semigroups.
Proposition 41. Let S be a numerical semigroup. Then S is Arf if and only if {w −m | w ∈ Ap(S,m) andw > m} is an m-upper
subset of G(S), for every m ∈ S \ {0}.
We end this work by giving an open question.
Problem 42. Let S be a given numerical semigroup. Find a formula, that depends on S, for computingmin
{
g(S¯) | S¯ ∈ D(S))}.
If S is an Arf numerical semigroup, and as a consequence of Theorem 7, Proposition 9, and Lemma 4, observe that
min
{
g(S¯) | S¯ ∈ D(S)} is equal to
min
{
2g(S)+ # {w ∈ Ap(S,m) | w < m} − m+ 1
2
| m is an odd of S
}
.
Note also that {w ∈ Ap(S,m) | w < m} = {s ∈ S | s < m}. Therefore, a first step towards solving Problem 42 could be to
consider an Arf numerical semigroup S and to compute min
{
# {s ∈ S | s < m} − m+12 | m is an odd of S
}
in such a case.
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